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Firing statistics and correlations in spiking neurons: A level-crossing approach
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We present a time-dependent level-crossing theory for linear dynamical systems perturbed by colored Gaussian
noise. We apply these results to approximate the firing statistics of conductance-based integrate-and-fire neurons
receiving excitatory and inhibitory Poissonian inputs. Analytical expressions are obtained for three key quantities
characterizing the neuronal response to time-varying inputs: the mean firing rate, the linear response to
sinusoidally modulated inputs, and the pairwise spike correlation for neurons receiving correlated inputs. The
theory yields tractable results that are shown to accurately match numerical simulations and provides useful tools

for the analysis of interconnected neuronal populations.
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I. INTRODUCTION

Understanding the dynamics of interconnected networks
of neurons is of fundamental importance in theoretical neu-
roscience. An essential step in solving this problem is to
determine the input-output relationship of individual neurons
given an underlying biophysical model. For white-noise-
driven integrate-and-fire (IF) neurons this problem is generally
tractable (e.g., [1-4]), but efforts to integrate key aspects of
neuronal signaling into the IF formalism have added to its
complexity. First, synaptic input consists of discrete action
potentials, which results in non-Gaussian voltage distributions
and affects firing statistics [5-8]. Second, synaptic communi-
cation is mediated by two separate (excitatory and inhibitory)
systems with distinct kinetics. The majority of theoretical
studies include only one synaptic type and assume either
fast (e.g., [9-11]) or slow [11,12] kinetics compared with the
membrane integration time, but experimental evidence sug-
gests that these time scales are often comparable [13]. Finally,
neurons sharing presynaptic partners exhibit correlations in
their synaptic input. While network models typically assume
sparse connectivity for which correlations are negligible,
recent reports suggest important functional roles for this type
of “noise” correlation [14,15]. For IF neurons, obtaining
the input-output relationship essentially involves computing
moments of the first passage time (FPT) to threshold, but
analytical solutions are rarely possible. Here, we show that
for membrane-to-synaptic time constant ratios of the order of
unity, level-crossing statistics provide good approximations to
the FPT while retaining sufficient tractability to incorporate
additional biological detail. Analytical expressions are given
for the mean firing rate, pairwise spike correlation, and linear
response to sinusoidally modulated inputs, which compare
favorably with numerical simulations of conductance-based
IF neurons. The method thus provides a complete set of input-
output properties needed for an analysis at the network level.
Although the focus of the present paper is on neuroscience
applications, the theory is rather general and applies to any
linear system perturbed by colored Gaussian noise; our results
may therefore find applications in other fields.
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II. MODEL DEFINITION

A neuron, with capacitance C and charged at a voltage V,
obeys the current-balance equation

CV+IL =Isyn+Iextv (1)

where I; =G (V—E}) is a transmembrane “leak” current
of conductance G, such that C/G; = 20 ms and reversal
potential £;, = —65 mV, and I, is an external current. The
synaptic current gy, comprises excitatory and inhibitory con-
ductances Iy, = G.(E, — V) + G;(E; — V) with reversals
E, =0and E; = —80 mV. Synaptic channels activate rapidly
but close with a characteristic time particular to excitation
(. = 3 ms) or inhibition (t; = 10 ms). The assumption that
these conductances are activated stochastically with a short
autocorrelation allows a Langevin equation to be written,
740Gy = Gy — Gy + 04/ 27,6, for o € {e,i}, where Gy(t)
and o,(t) represent the tonic and fluctuating components
driving the synaptic conductance. The general form of this
equation can be related to a family of underlying models;
in our simulations a process is considered in which synaptic
conductances increase by an amount J, at a rate R, () with
intermediate exponential decay with characteristic time 7.
The diffusion limit of this process assigns Gy = JyTy Ry
and o, = Jy+/T4 Ry /2. Finally, a mechanism for an action
potential is introduced: if the voltage exceeds Vy ~ —50 mV,
a spike is emitted and the voltage is immediately reset to
V, = —60 mV.

The equations for V and G, constitute a stochastic process
with multiplicative noise. Expansion of Eq. (1) to leading order
in the fluctuating synaptic conductances [5] yields an additive
Gaussian approximation for the voltage:

0 =1, (Eg — v) + x(E, — () + Y(E; — (W) + 1, (2)

T,X = —x + /2027.&,, 3)

Ty = —y + /2071, 4)
where angular brackets denote ensemble averages, and lower-
case letters distinguish the Gaussian approximation from the
original conductance-based model. The time scale 7, = C/G,
total conductance G = G + (G.) + (G;), and driving term
Ey=(GLEL + (G.)E, + (G;)E;)/ G are all potentially time
dependent. The variables x and y scale with the fluctuations of
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synaptic conductances, x = (G, — (G.))/C and y = (G; —
(G;))/C, and u = I /C. Excitatory and inhibitory inputs
may be cross correlated, so that (€.(¢)&;(¢')) = c.;8(t — t") with
a correlation coefficient |c,;| < 1.

III. FIRING RATE

An ensemble of statistically identical neurons, described by
Egs. (2)—(4) but each with different realizations of the noise
terms &,(t), is now considered. Although a general solution
for the mean firing rate is not possible, we show here that
for t,/t, & 1 the firing rate is well approximated by the
rate of upward threshold crossings of the free system (i.e.,
ignoring the reset). For a continuous process u(¢), the rate r of
upcrossings of alevel u = uy is given by the Rice formula [16],
r= fooo || p(ug,u)du, where p(u,u) is the joint distribution
of u and u. For a Gaussian process v(t), this yields

r = = O 0D (1 4 ertB), (5)
21 o,

where o denotes the standard deviation, 8 = (v)g/ (V2[0319),
and the subscript @ indicates quantities evaluated conditional
on v = vy. These conditional statistics can be expressed from
the marginal statistics as (0)p = (V) + [cov(v,i))/ovz](vg —
(v)) and [03]0 = 03 — cov(v,i))z/ovz. In general, for time-
dependent inputs, the moments of v and v are obtained
by solving a system of ordinary differential equations (see
Appendix A for details); for stationary inputs, Eq. (5) reduces
to [17-19]

rstat — ziﬁe—vﬁz/(Zauz)’ (6)
JT Oy

and in the weakly nonstationary case, a Taylor expansion in
B yields r = r*¥[1 4 /7 B]. Consistent with previous reports
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FIG. 1. (Color online) (a) Steady-state firing rate of the IF model.
Solid line, Eq. (6). Symbols, numerical simulation. Parameters
are J,=63nS,J; =4.5nS,Ey = —-55mV,vy = —48 mV,v, =
—60 mV,7, =5ms, 7, =3 ms,;; = 10ms, and where not
otherwise mentioned, R, = 2.66 kHz, R; = 2.22 kHz, and c¢,; = 0.
(b) Firing-rate response to time-varying inputs. Top: Solid line,
Eq. (5); symbols, numerical simulation. Middle: Input spike rates,
with mean R,y = 2.66 kHz for excitation and R;, = 2.22 kHz for
inhibition. Bottom: Instantaneous correlation coefficient between
excitatory and inhibitory inputs. Other parameters identical to those
in (a).
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[20-22], r scales with the mean rate of change of voltage and
is thus proportional to any (small) applied current in Eq. (1).
Comparison of Eq. (5) with numerical simulations shows that
the level-crossing rate provides an excellent approximation to
the firing rate of the thresholded IF model (Fig. 1). Although
some deviations are seen in the stationary case, the theory
captures especially well variations of the firing rate [Fig. 1(b)],
an aspect particularly relevant for neuronal signaling.

IV. FREQUENCY RESPONSE

Another interesting application of Eq. (5) is to compute
the firing-rate response to sinusoidally modulated inputs.
While the frequency response of white-noise-driven IF neurons
has been calculated previously [1,10,23,24], only asymptotic
results are known for the case of filtered noise [10,24];
the level-crossing approach allows approximation of the
amplitude and phase of the response in the full frequency
range. In response to a perturbation ~ee® (& < 1), the
statistical moments in Eq. (5) undergo periodic modulations
with frequency w. The threshold crossing rate Eq. (5) can be
written as r = ro + er1e'“’ to first order in &, with

o T . [cov(v,v)]; {(vh
oy 2o, (“’“*”9 o, )*”9_[0310

! Ug[avz]l n [Uli]l _ [o7], 7 %
2 [0l [oi]y  [od],

where the subscripts indicate zeroth- and first-order correc-
tions in ¢. Let us first consider as in [10] a current-based
description for both the synaptic input and the perturbation,
ie., we set (v) = Ep and u = eupe’® in Eq. (2). In this
case, only the mean values in (5) are affected, and we
obtain r1/ro = poTe{ve/[02]0 + iwym/QleF10)}/(1 + iwTy).
Consistent with [10], this expression converges to a real limit
Hoym /ol as @ — oo, reflecting the ability of IF neurons
to respond to arbitrarily fast changes in input current (e.g.,
[21]). For the case of perturbations arising from changes in
presynaptic firing rates, modulations of the second moments in
(5) must be included, leading to more complex expressions for
r1. In general (see Appendix B), to linear order the correction
to the firing rate may be written as the sum of excitatory and
inhibitory components, r| = r{ — r{, which can be calculated
using (7) and are found to decay monotonically with increasing
frequency. However, due to the distinct filtering time constants,
the superposition of excitatory and inhibitory modulations
generally leads to nonmonotonic response profiles (Fig. 2):
if ¢ dominates at low frequencies, the faster decay of ri
leads to a peak in the response; conversely, if rf dominates
for small @ the response may be suppressed around the
frequency where r¢ and r{ intersect. When r{ >~ ri at low
frequency, the two contributions cancel and the neuron behaves
as a bandpass filter. These results illustrate how distinct
integration time scales for excitation and inhibition can lead to
nontrivial responses at the postsynaptic level. The occurrence
of zero-phase lags at finite frequencies, which are not observed
in the case of a single synaptic type (or, equivalently, when 7,
and t; are identical), also bears possible implications for the
generation of self-sustained network oscillations.
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FIG. 2. Frequency response of the IF model to sinusoidal mod-
ulations in presynaptic excitatory and inhibitory firing rates. The
response is illustrated in three typical cases: at low frequency, r{ > ri
(a), ¢ =ri (b), or ¢ < ri (c). Top two graphs: The components of
the firing-rate response due to excitatory (r{) and inhibitory (r!) mod-
ulations are shown as functions of the frequency of the modulation.
The summed response is determined from the amplitude (top graph)
and the phase difference (bottom graph) of the two components.
Bottom two graphs: Amplitude ||| and phase lag phase(r;) of the
summed firing-rate response (solid line, theory; symbols, numerical
simulation). For (c) a phase difference of 29° is introduced between
excitatory and inhibitory modulations to maximize the trough.

V. CROSS CORRELATIONS

The Rice formula for the level-crossing rate can be
extended to approximate spike correlations in populations
of neurons. The probability density of two neurons cross-
ing their firing thresholds simultaneously, which we call
the joint firing rate, is given by a double integral ri, =
fooo fooo [v1v2] p(Voy,V92,V1,02)dV01d V0, Where the subscripts
1,2 refer to the neuron number. If both neurons have identical
membrane time constants, this integral can be evaluated in

closed form in the stationary case [18]; the result is r‘f‘z‘“z

D00, 00, /(2101 — p% + 2p arctany/(1+p)/(1 — p)]. Here,
po 1s the marginal probability density that the two neu-
rons are found at their firing threshold and is given by
a two-dimensional Gaussian, and we have defined the
correlation coefficient p = cov(vy,v2)/(03,0%,). If the two
neurons have distinct membrane time constants and/or
if the inputs are time dependent, the joint firing rate
can no longer be evaluated in closed form. A Taylor
expansion can be made for weakly nonstationary inputs, which
yields

o = pQW(ﬁwl LB+ po) + (1 + B2 482)
x\/1 = p7 + (26 + 4B1B2) arctan /%) (8)

to second order in B, 8, where B; = (i)k)o/(ﬁ[oi,k]g), and
the subscript @ indicates here that a quantity is evaluated
conditional on both neurons being at their firing threshold.
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To illustrate the use of Eq. (8), we consider an example
in which two neuronal populations receive common inputs.
Each population consists of P identical, unconnected neurons
receiving inputs from an external source; the excitatory input to
each neuron consists of a background part that is uncorrelated
across neurons and a shared part that is identical for all
neurons within the population. The shared inputs to the
two populations may also be cross correlated, resulting in
a correlation coefficient c., between the total input to any
two neurons in different populations. Similar definitions are
also assumed for the inhibitory inputs. The number of output
spikes for population 1 during a time interval Af has a mean
N; = PriAt, where r; is calculated from Eq. (5), and a
variance UI%’. = PriAt+ P(P — 1)(r;; — rlz)Atz, where 7y,
is the joint firing rate for population 1, obtained from Eq. (8).
The correlation coefficient between the outputs of the two
populations is

(+55)(ri2 = rir2)

Cout = 2 p 5 ’ ’
\/[Vn =i+ el = + e

9

where rj, is the joint firing rate for a pair of neurons in
different populations, obtained from Eq. (8) with appropriate
parameters. It is worth remarking that, while the terms
dependent on the time step in Eq. (9) vanish in the limit
of large populations, they may remain significant even for
relatively large populations because the correlative terms
rii — rl.2 are generally of the order of the square of the firing
rate, which is itself a small quantity. Figure 3 shows the result
of numerical simulations for two populations of P = 1000
neurons, illustrating how output spike correlations are affected
by changes in input correlations. As can be expected from
previous reports (e.g., [25]), the pooled spike trains of the two
populations exhibit strong correlations of the same order of
magnitude as the correlations in the inputs. However, since
the output correlation depends on both input correlations and
the individual firing rates of the two populations, its precise
time course is difficult to anticipate in the case of time-varying
inputs. The results of Fig. 3 show that the theory provides
an accurate prediction of the evolution of the correlation
coefficient under time-dependent stimulus.

A. Implications for synchrony

The development of synchronization in layered feedforward
networks has been reported theoretically (e.g., [26,27]) and
experimentally [28]. Here, we use the results of the previous
section to calculate the Fano factor of the pooled output of a
population, which provides a quantitive measure of synchrony
at the level of pairwise correlations. The Fano factor is given
by F = 01%,/ (N), where N is the number of spikes fired in a
small time interval At. For a large number P of independent
neurons, N approximates a Poisson process with mean and
variance (N) = a]%, = PrAt, leading to a Fano factor F = 1.
Alarger F > 1 indicates an increased probability of observing
either high or low numbers of spikes in At, i.e., an increased
frequency of synchronous (spiking or quiescent) events. For
correlated neurons,

_ 2
r1 r
F=1+———(P— 1A, (10)
r
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FIG. 3. (Color online) Response of correlated neuronal
populations. (a) Schematic representation of the network. In addition
to background inputs that are uncorrelated across neurons, each
population receives shared inputs that are identical for all neurons.
Shared inputs to population 1 and 2 are also cross correlated (indicated
by blue arrows). (b) Firing rate of population 1 (solid line with open
circles) and 2 (dashed line with squares). Lines, Eq. (5); symbols,
numerical simulations. Parameters for population 1 are 7, = 5 ms,
J,=73nS,Ji =4.5nS,v9 = =53 mV,v, = —60mV, and for
population 2 7, = 4.65 ms,J, = 7.5 nS,J; = 5.4 nS,vy = -50 mV,
v, = —60 mV. (c) Cross-correlation coefficient of the outputs of
the two populations [solid line, expression (9); symbols, numerical
simulation]. (d) Excitatory (solid lines) and inhibitory (dashed
lines) input firing rates (population 2 data marked with arrow).
(e) Cross-correlation coefficients between excitatory (solid) and
inhibitory (dashed) inputs.

where ry; is the joint firing rate of the population. Positive
correlations in the inputs increase the Fano factor, indicating
an increase in synchrony. As an illustration, we consider a
similar scenario as in the previous section but consisting of
only one population [Fig. 4(a)]. The input initially consists
only of background input, so that neurons fire independently
(F =1). At time ¢t = 250 ms, the shared inputs activate and
the background input is weakened to keep the mean firing
rate constant [Fig. 4(b), top]. Although the firing rate does not
change, input through the shared connections drives correlated
spiking that is reflected by an approximately fivefold increase
in the Fano factor [Fig. 4(b), bottom]. After the shared input is
switched off at t = 750 ms, the network quickly returns to its
initial state. The increase in synchrony indicated by the Fano
factor is clearly visible in the raster plots in Figs. 4(c)—4(e),
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FIG. 4. (Color online) Synchronized spiking from pairwise cor-
relations. (a) Schematic representation of the network. In addition
to background inputs that are uncorrelated across neurons, the
population is subjected to common inputs that are shared by all
neurons. (b) Mean firing rate and Fano factor of the pooled output
of the population. Black dashed lines, theory [top, Eq. (5); bottom,
Eq. (10)]. Red solid lines, numerical simulation. Shared inputs
with constant spike rate are activated between ¢t = 250 and 750 ms;
background activity is adjusted to maintain a constant overall firing
rate. (¢)—(e) Population firing rate (green solid line in top graphs) for
three single runs of the numerical simulation. Raster plots showing
the spikes of 200 randomly chosen neurons are also shown, in which
synchronous events are clearly seen.

where the spiking activity of 200 randomly chosen neurons is
shown for three different realizations of the simulation.

VI. RANGE OF VALIDITY

In order to study the range of validity of the level-crossing
approximation, we first note that, in the case of a single
synaptic type (y = 0), for stationary inputs the system (2)—(4)
can be cast in the following form:

dv_y 4 — w0 + V20 LEW. (1)

ar " ar yev
where y, = re’l + TJ ,we = (1,7,) ", and T, = 0’62/[1'1,(‘[,3 +
7,)]. This system describes the motion of a Brownian particle
in a quadratic potential U(v) = 5 L w,v? with friction coefficient
y. and temperature 7,. The problem of escape over a potential
barrier for systems of the form (11) has been studied for several
decades (e.g., [29]), and in the case of a quadratic potential, it
is known that for the thresholded model also, (6) is the correct
result for y, = O(1), to first order in 7, [30]. In the case of
two synaptic inputs, the membrane voltage consists of the sum
of two contributions, v = v, + v;, where v, and v; each obey
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FIG. 5. (Color online) Range of validity of the level-crossing approximation. (a) Two-dimensional plot of the accuracy of the approximation
as a function of the dimensionless parameters A and o, /vy, for the case of the two-dimensional system (11). The accuracy is plotted for the two
limits 7, — O (white noise limit) and +o0o (static noise limit). The plot is color coded according to the scale bar on the right. Level curves are
also shown as black solid lines. (b) The accuracy is represented here as a function of A and the dimensionless firing rate r/y . (c) The accuracy
of the approximation in the case of the three-dimensional system (2)—(4) is shown for four different values of the parameter A. Solid lines
shows the theoretical prediction, and shaded regions correspond to the accuracy expected from the analysis in (b). Symbols show the result of

100 numerical simulations with randomly chosen parameters.

a dynamics of the form (11) with corresponding parameters
i, w;, and T; for the inhibitory part. The system (2)—(4) can
be written as

dv . dv .

— =0, —=—-yv—owv+2yTE@)+2z (12)

dt dt
with a new white noise &£(¢), and effective parameters de-
fined as T = 7, + T;, with modified temperatures T = (O’k2 —
&%) /[to(tk + )], where 62 = 2¢,0,0; /TeTi /(T + T), ¥ =
(yeTe + yiT,-)/T, and w is defined such that 7/w = Te/we +
T; /w;. The new variable z is defined such that cov(v,z) =
cov(v,z) = 0 in the steady state and satisfies a linear equation
of the form dz/dt = iz + Brv + B30 + B4&’ with constant
parameters S, and a second white noise &’. Because in the
steady state z is independent of both v and v, we may
take the average of (12) given v and v, and assume that
the conditional mean (z |v,0) < 1, to obtain an approximate
two-dimensional description of the system near equilibrium,
Eq. (12) with z = 0. This can be further simplified by switching
to dimensionless variables, t — y¢, v — v/o,, which yields

dv dv
=0 =i Avt V2AE(r) (13)

with a unique dimensionless parameter A = w/y? € (Owlt)’
and where & is a unit white noise in the dimensionless
time. This formulation allows us to study the validity of the
level-crossing method in a two-dimensional space defined
by A and the dimensionless threshold vy /0,. To do so, we
numerically simulate the reduced system (13), systematically
varying the parameters A and vy /0, and compare the resulting
firing rate rgy with the theoretical prediction ry of the
level-crossing method. We then compute the accuracy as
1— |7sim — 7| /7m- As can be seen from Figs. 5(a) and 5(b),
the accuracy is maximal near A ~ %, which corresponds to
the case of identical time constants (7,; = 1,). Although the
approximation breaks down in the limit where 7, ; — 0 (white
noise limit) or 400 (static noise limit), it remains highly

accurate for A 2 0.2, corresponding to synaptic time constants
in the range of ~0.47, to 2.67,. In order to check the validity of
the reduced equation (13) for the thresholded system, we then
simulate the three-dimensional system (2)—(4) for fixed values
of A by selecting random values for the parameters 7, ; and o, ;,
and verify that the results match the accuracy expected from
the analysis of the reduced system [Fig. 5(c)]. The breakdown
of the approximation for z,; — 0,400 can be explained by
the fact that in these two limits, voltage trajectories following
a threshold crossing do not return near the stable equilibrium
before crossing the threshold again. For very short synaptic
time constants, this is due to the fact that voltage fluctuations
become so rapid that the probability of multiple threshold
crossings in a small time interval becomes very high. In
the limit of long synaptic time constants, after a threshold
crossing the input can remain above threshold for a sufficiently
long time for ballistic firing to occur. These two different
mechanisms explain the asymmetry in the plots of Figs. 5(a)
and 5(b) (it is readily checked that the symmetry is recovered
if the synaptic input is reset after each action potential).
These results show that the level-crossing rate provides a good
approximation to the firing rate in the steady-state case as long
as the synaptic filtering time constants remain of the same
order of magnitude as the membrane time constant. In the
case of time-varying inputs, this is expected to hold as long as
the voltage distribution remains subthreshold and the firing rate
is much lower than the typical relaxation time of the voltage
(r/y < 1). Applicability to the case of conductance-based
Poissonian synaptic drive is justified when the usual conditions
of validity of the effective time-constant approximation are
met (i.e., high input rates and small postsynaptic conductance
increase; see, e.g. [5]).

VII. DISCUSSION

We have shown how level-crossing rates can be used
to approximate the firing statistics of thresholded integrate-
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and-fire neurons. Using this approach, we derived analytical
expressions for three key aspects of the response: the mean
firing rate, the linear response to sinusoidally modulated
inputs, and the pairwise cross correlation between neurons
receiving correlated inputs. The theory was developed for
both stationary and time-dependent stimulus conditions and
shown to accurately match the results of numerical simulations
of integrate-and-fire neurons receiving filtered Poissonian
synaptic drive. Using similar methods, other authors have
recently suggested threshold-crossing models as an alternative
to the standard integrate-and-fire description [17,18], in which
the nonlinear reset mechanism precludes detailed analytical
treatment. Our results provide a quantitative link between
these two descriptions, as well as the range of parameters
under which similar firing statistics are obtained. In particular,
we have found that the synaptic filtering time constant is
a crucial parameter for the validity of the level-crossing
method. We have also shown that the level-crossing method
can be extended to the case of time-dependent inputs, an
aspect that has not been previously investigated, to our
knowledge.

Although we have treated here only the case of unconnected
populations, the theory captures the time-dependent aspects
of the response and provides the required quantities for a
self-consistent treatment of recurrent networks. Specifically,
by using expressions (5) and (8) to express the mean, variance,
and cross correlations of excitatory and inhibitory synaptic
conductances, a closed system of equations can be obtained
that corresponds to a mean-field description of the network.
Analyzing this type of model could give interesting insights
into the way synaptic filtering affects network dynamics.
Moreover, because correlations naturally arise in recurrent
networks as a result of shared connections, their effect on
firing rates [Fig. 1(a)] and synchronization (Fig. 4) suggest that
these may play a crucial role in determining the stable states
of a network. The frequency response of individual neurons
(Fig. 3), which was found to exhibit a richer structure when
distinct excitatory and inhibitory time scales are considered,
also suggests that stable oscillatory states may be possible that
are not present in purely excitatory networks.

Our results could be generalized in several ways. For
example, it should be possible to obtain perturbative cor-
rections for the effects of the voltage reset that follows the
emission of spikes. Although our analysis of cross correlations
is restricted to pairwise correlations, higher-order correlations
could also be calculated using the same formalism. The
case of non-Gaussian voltage distributions could be treated
using expansions in Hermite polynomials, for example a
Hedgeworth expansion [31].

Note added in proof. We have recently learned of a closely
related article [33] dealing with the dynamical response of
threshold-crossing neurons.
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APPENDIX A: FIRING RATE

1. Level-crossing rates for Gaussian processes

We detail here the calculation of level-crossing rates for
Gaussian processes. For concreteness, we start with the IF
model (2)—(4) as an example. Due to the linearity of this
system, and because x and y are Gaussian random variables,
v(t) and its derivative v(¢) are also Gaussian random variables.
The rate of upward crossings of the threshold vy is given
by [16]

o
r= / [v] p(vg,v)dv, (A1)
0
where p(v,v) is the marginal probability density of v and v.
Since in general these two variables are not independent, we
rewrite p(vg,v) using Bayes’ rule as p(vy) p(v|vy), where

1 2
p(UO) = —2 67(1}97(”)) /(2‘73)’ (AZ)
V2moy,
1 T
p(0|vg) = ————e O (0)/Cole) (A3)
N 2m[oyle

where the conditional moments (v)y and [av]g are yet to be
determined. Insertion of (A2) and (A3) into (A1) yields
1

o0
;= o~ —W)?/0) / De—=(007/Clol) g,
2moyloyle 0

- %@e‘(”ﬂ””z/g"f)[e—f‘z + VAL + erfp)),
T Oy

where B = (V)¢ /(\/5[0,;]9). To determine the conditional
moments, we define a new variable z = v + av that is
independent of v, i.e., (zv) = (z)(v), which is achieved for
o= —cov(v,i))/ovz.Due to independence, we have (z)p = (z),
where

(2)g = {(V)g + vy,
(z) = (V) + a(v).

This is solved for (v)g,

) ., cov(v,D)
()0 = (3) + " (vg — (V). (A4)
O'U
Similarly, for the variance we have [03]9 = O’ZZ, where
2 2
[02], = [o7],-
02 = o] + 2acov(v,0) + a0,
which gives
cov(v,v)?
[02], = 02 — YU (AS)

2
oy

2. Moments for time-dependent input
To determine the moments of v and v for arbitrary inputs,
we rewrite the system (2)—(4) in vector form as

dZ/dt = A7 + ji + BE(t), (A6)
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where £ is a multidimensional white noise, and

1) = (), x(@),y®)",

=1/t() E.— (@) E; —(v@))
A((v(@®)),0) = 0 —1/7 0 ,
0 0 —1/
0 0 0
B(t)= [0 0.()v2(1 = cei(®)?)/Te  0e(t)cei(t)N/2]7e |,
0 0 OV

Ji(t) = (Eo(t)/7,(1) + Lexi(1)/ C,0,0)7,

where c,;(¢) is the correlation coefficient between excitatory
and inhibitory inputs, such that (&,(¢)&;(t 4+ 7)) = c.;(t)5(7).
Taking moments of Eq. (A6) yields ordinary differential
equations for the mean (z(¢)) and covariance matrix C;;(t) =
(zi(t)zj(t)) — (zi(t)){z;(¢)). These equations are in general
implicit due to the dependence of the matrix A on the mean
voltage, but can be solved iteratively using standard numerical
methods. However, after a short initial transient (x) = (y) = 0,
the equation for the first moment becomes explicit:

d
77 {0@) = LEo() = (v)/7(0) + Lex(1)/ C,
which can be integrated to give

(0(@)) — (vl = / eIl (M

fo

Iexl(s)
TU(S)+ C )ds.

This yields the explicit form of A(z), which can then be
substituted in the equation for the second moments,

d T T
EC:AC—%—CA + BB",
which becomes solvable (see, e.g., [32] for an explicit solu-
tion). The moments of v are then obtained using (V) = (A(X))1,
o} = (ACAT)y;, and cov(v,v) = (AC);. It is also worth
noting that both equations simplify in the weakly nonstationary
case, where (v(f)) = const, so that (v) can be substituted by
Ey + ty1exi/ C in the expression for A.
In the stationary case, we have

(v) = Eog + Tvlext/ca

o2 =(c2E2+52E,E;) i + (02 B2 + G2E ) —
e Ce el Tv+Te i i itee TU+T1
2 2F2, ~2F B T 2F2 | 22F F Ty
o;=(0 E;+6 EeE,)T e +(o7E; +6& E,Ee)t e

v e v L

where E,; = E,; — (v) and &% = (xy) = 2¢,i0.0,/TeTi/
(te + 7).

APPENDIX B: FREQUENCY RESPONSE

When a perturbation f(¢) = se’® is injected into the system
(2)-(4), the dynamical variables respond by oscillating with
the same frequency w as the perturbation. In this section, we
calculate the modulation of the firing rate when a perturbation
of the form f(¢) is injected on top of a background stationary
input. For simplicity, we assume c,; = 0, but the case of
correlated inputs can be treated in the same way. We adopt here
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the following notation: for any statistical variable z, we write
2(t) = 70 + €z,€!“", where z; is the value of z(¢) for ¢ = 0,
and z; is the first-order correction in € due to the perturbation
f(t). The determination of the firing-rate response requires
the calculation of the first and second moments appearing in
Eq. (5), which we therefore expand as

() = (v)o + &(v)1e™”, (B1)
V() = (D)o + & (D)€", (B2)
o (1) = [07], + e[or] €. (B3)
ol(t) = [03]0 + 8[03]lei‘“’, (B4)

cov(v(1)v(r)) = [cov(v,D)]o + e[cov(v,D)];€'.  (BS)

Substituting (B1)—(B5) in (5) and expanding to first order in &
yields the firing rate in the form r(t) = ry + er e’ , with r; /g
given by Eq. (7). This can be rewrittten, using cov(v,v); =
lio[o?2]), as

Do =S+ UG&
To 2[03]0 [ovz]o
1 [03]1 vg . T
) [ ([os]o S, )t

[02 ]o
Explicit expressions for the moments appearing in (B6) are
given below for two specific scenarios.

)

(B6)

1. Response to modulations in input current

We first consider the case where the perturbation is
injected as an external current, i.e., we set Iex = elpe'!
in (1). Substituting (v — Ey) — v and rescaling the reversal
potentials accordingly, the system (2)—(4) becomes

b= —1, v+ x(E, — (V) +Y(E; — (v) + epoe™’, (BT)

T.X = —x + /20278, (B8)

Ty = —y +/2071&;, (B9)

where E,; = E,; — Eyg and o = I/ C. Taking the average
of (B7) and integrating, we obtain

t iwt
(w(t)) = / eI gei s = epgr,———,  (BI0)

oo 1+iowrt,
so that (v)o = Oand (v); = uot,(1 + iwt,)~!. Differentiating
(B10), we get (0)9 = 0 and (V)] = iwuot,(1 + iot,) . By
taking second moments of (B7)—(B9), we obtain through
similar calculations

2 2

[02], = 2B2 "2 4 2E2 2T (BN
Ty + Te Ty + T;

2 2 71)376 1 12

[Gv]l = —0, E.po T+, kykyy(1 4 kye) (B12)

25 0T
—o; Eifo kykyy (1 + kyi), (B13)
L+

[0.2] - S n U?EZL’ (B14)

v 1o eefy‘i‘fg llTu‘i‘Ti
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2
[02], = —02Eepto—"—kuo(1 + kuky)  (B15)
vl ¢ v+ Te
_ -[2
—0?Ejpto—"—ky,(1 + kykyi),  (B16)
L+

where we have defined

11\ 7!
:(l—i—ia)ra)_' and  kyp = [1+ia)<—+—> i|
To ‘L’ﬁ
B17)

for «,8 € {v,e,i}. The firing-rate modulation can then be
obtained by inserting these expressions in (B6). Note that
as w — oo, only (v); remains finite, so that the firing-rate
modulation converges to a real limit,

r b g
ro 2[00
For the case where synaptic inputs are modeled as postsynaptic
currents, i.e., replacing (v) by Ej in Eq. (B7), the first-order
corrections to the variances (B13) and (B16) vanish, and the
expression for the firing rate simplifies as

(& — 00). (B18)

+iw

b
r1 [”210 2[a21o

— = HoTy ]
ro 1+ iwt,

which has the same high-frequency behavior as (B18).

A. Response to modulations in presynaptic firing rates

We now consider the case where the modulations arise
from changes in presynaptic firing frequencies. We rewrite the
equation for the excitatory synaptic conductance,

TeGe = _Ge + CngNe(t), (B19)

where N,.(r) = > 8(t — ty) is a Poisson process representing
the sum of excitatory presynaptic spikes. A modulation in
presynaptic excitatory rate is described by (N,(¢)) = o,%,e(t) =

Reo + €. R1e™. We can then write (G.(1)) = (G.)o+
£.{G.)1€'*" and oéf(t) = [aée]o + ee[aée]le’“”, where

( e)O - Cefe e0s

(Ge)1 = ceTeReike,
2 1

[OGe]O =2 eTfReO’

G
G

[Uée]l = ngfe e1ke,

with k. defined as in (B17). Similar equations are assumed
for the inhibitory part, with parameter ¢; and frequency
o'. Inserting into (2)-(4), substituting (v — Ey) — v, and
rescaling the reversal potentials accordingly yields

v = —(r;l + 8e<ge>leiwt +Si <gl‘>1€iw/,)v
+e.(g )16 E, + £ (gi)1" " E;

+x(E, — (v >1el‘””> + Y(E; —&i{v)1e™"), (B20)
X = —x + \/Zre o +ee[02],€)E ), (B21)
3 = —y +/26([0?], + e:o?],d )&, (B22)
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to first order in &,,¢&;, where g,; = G,;/C. By taking the

average of Eq. (B20), we obtain (v(1)) = (v)o + &.{v){e fof 4
ei(v)ie 't where

(v)o =0,

<U)i = rukv<ge>1E97

()} = Toky(giN E:.
Similarly, we have for the variance avz(t) = [avz](e] + [Uuz]f) +

eo[o21¢e’ + ;[0 e’ where

27¢ _ 2.2 Te
[av] o, E —Tu YT

[02]] = (0215 kexkvokye

G (R Ly

Lw

+ [oﬁ]@(kwu +kv,»)[<f::1 (?1] B <fcjl>

The inhibitory terms [02]) and [02]) are obtained by
switching the indices e <> i and w <> ' in the above ex-
pressions. For the covariance, cov(v(?)x(t)) = cov(v,x)y +

£,c0v(v,X)¢e’® + g;cov(v,x): ¢!, with

Te
o, +1
cov(v,x)] = cov(v,x)gkeckye

+c<>v<v»c>8[kw(<g.e>1 - “iﬁ) - @}

cov(v,x)y = 0 E,1,

iw E, iw
‘ (g1 (V)] (&ih
) | = ) 6 k/ = - )
cov(v,x); = cov(v x)0|: ve( o L, o
where k;, is defined by Eq. (B17) with w replaced by

o'. The other covariance cov(v,y) is obtained from the
above expressions by switching the indices e <> i and @ <
. The variance of v is given by o}, = [07]5 + 071 +
e lo21se’ + &[] e, with

E.
_COV(U,.X)(),
T Ty

e 01;2 ‘ e = ( e>
o2): = Lty oz 2 4 2880

T Ty

_ E
Ee[af]o —2—cov(v,x)¢
v

- (gg>1Ee>COV(U,X)0

—2{v)

+2<<”>T

Ty

e 2 Ei e
—2(v){E; [ai ]0 — ZT—COV(U,y)l
v
v
7,

(ge>1Ee>COV(v,y)o,
and with similar expressions for [07]; and [07]} with indices
e < i and w < o switched. These expressions are then
inserted into (B6) to obtain the firing-rate modulation r;.
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APPENDIX C: CROSS CORRELATIONS

We now consider a pair of neurons receiving cross-
correlated inputs:

v =1, (Er —v1) + x1(E. — (m)4+01(E; — (v1)), (C1)

TX) = —X1 + /202 T.ée, (C2)
Ty = —y1 +,/207 u&i, (C3)

0 =75 (B2 = v2) + x2(Ee — (02)+12(E; — (12)), (C4)
TXy = =Xy + /202 T.&,, (C5)
Ty = —y2 + )20} &/, (C6)

where the subscripts 1,2 indicate the neuron number, and
we have omitted external inputs for simplicity. We assume
that correlations exist between excitatory and inhibitory
inputs to the two neurons, i.e., (éa(t)él’g(t/)) = cop(1)8(t — 1)
fora =e,i.

1. Joint firing rate

We are interested in the probability that a pair of neurons
described by (C1)—(C6) cross their firing thresholds simulta-
neously. This is given by the total probability current flowing
through the region of the hyperplane {v; = vy,,v2 = vy,}
defined by the upward crossing condition v1,v, > 0. Thus,

o0 pOO
rp = / f V102 p(Vy,,Vs,,V1,02)d01d Vs,
o Jo

where p(vy,,vy,,01,02) is the probability density that the two
neurons are found at their respective firing thresholds, with
velocities equal to v; and v,. As in the single-neuron case, we
expand this probability as py p(v1,v2|vy,,vs,), Where

Py = // p(vy,,Vp,,01,02)dv1d vy

is the marginal probability density of the two neurons being
at their firing threshold. This is given by a two-dimensional

Gaussian
=2 =2 - -
1 TR S, NS
eXp [ 2(1—p?) (031 + 032 2p Oy, Ovy
Po = s
270y,04,4/1 — p?

where Uy, = vy, — (v;), and the correlation coefficient p is
defined by

cov (vy,v2)

Oy, 0y,

Similarly, the conditional density p(v,02|vg1,v9,) iS given
by a two-dimensional Gaussian, the mean and covariance of
which remain to be determined. The joint firing rate can then
be written

V)

o0 o0
e _ / / 8102 p(i1, B lve 1,090 )d0ndis.  (CT)
Py 0o Jo
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The integral on the right-hand side is best performed by using
two independent variables a and b defined as

) I+p 1—p
U1 2[031]0<\/ zﬂoa_l_\/ 2p0b>,
,;2:[032]9<\/l+2poa_\/1—2pob>’

; cov (V1,02)g
0= =T 5
[‘71321]0[01‘12 ]0

is the correlation coefficient of v; and v, conditional on both
neurons being at their firing thresholds simultaneously. These
new variables are scaled (02 =07 = 1) and independent
[cov (a,b) = 0] over the range of the integral. Equation (C7)
then simplifies as

where

Bl I1(a).(b)] (C8)
_Amra o
[os,1eloi,]o o
with

S ra
I[{a).(b)] Z/ da/ db[(a® — b?)
0 —Aa
+ po(GZ + bz)]e_(a_<a>)2/26—(};_(b>)2/2’

where A = %. In general, the variables a and b do not have
zero mean and the above integral does not admit a closed form
solution. A Taylor expansion for (a),(b) < 1 can be made,

which yields to lowest order

00 Aa
1[0,0] = [ da / db[(a® — D) + pe(a® + bP)Je~ @+
0 —\a

arctan(L)

[ee) arctan(}) 5
/ dr / do r3[pg + cos>(9) — sin®(0)]e™"/?
0 —
4

= T2 + 4pgarctan(A)

1o
= Zm + 4pgarctan 0 * . (C9)
V1= s

Similarly, we find for the first- and second-order terms

Vi [O,OJ(EQX) =27 (1 + p9)**(a)

=27 (1 4 pp)(B1 + B2),
where B = (0;)g /(+/2[02 1), and

() [0
2\ (b) ax;0x; |\ (D)
= [(1 4+ pp)(@)? + (1 — pp)(b)*1(1 — pp)
+ 2arctanA[(1 + pg){(a)* — (1 — pp)(b)?]

B 147
=2,/1-p2(B + B3) + 81 Brarctan 1_—'00

Lo

(C10)
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Summing the above expression with (C9) and (C10) and
replacing into (C8) yields expression (8) for the joint firing
rate.

2. Conditional moments

Evaluating expression (8) requires the statistics of v; and
v, given that both neurons are at their firing threshold. To
determine these statistics, we proceed as in the single-neuron
case by defining new variables z; and zp, defined by z; =
V; + a;v; + Bivy, and request that these be independent of
both v; and v,:

(ziv;) = (z;)(v})

PHYSICAL REVIEW E 84, 041919 (2011)

fori,j = 1,2. This gives

O’UZI cov(vy,v) || o4 _ cov(v;,v)
cov(vy,v7) ol Bl | cov(iivm) |

which is solved by

1 ,Cov(Vi,v2)  cov(v;,v)
o = — ,
1= p2 cov(vy,v2) 031
g = 1 ,cov(v;,v)  cov(v;,vy)
1= p2 7 cov(vy,v) ol '

The conditional statistics can then be calculated by tak-
ing advantage of the independence property (11), which
yields

(Vi)g = (Ui) + o ({v1) — vy,) + Bi({v2) — vy,),

cov(v;,v1)cov(D;,v2) + cov(v;,v;)cov(D;,v2)

. o 1 5
cov(v;,v;)g = cov(v;,v;) + = [p <

cov(vy,va) )

cov(v;,vy)cov(v;,v)  cov(v;,vz)cov(D;,v2)

2
UU]

For the stationary case, it can be seen by a direct cal-
culation that if the two neurons have identical membrane
time constants (t; = 1), then cov (i)l-,v j) = 0. It follows that
B1 = B> =0, so that the expression of the joint firing rate
simplifies as

0,09 - . I+p
it = peaz‘; 2 [\/1 — p% + 2p arctan 1 + Z]

3. Example of correlated populations

To illustrate possible applications of these results, we
consider here in more detail the example given in the main text.
We consider two populations of P neurons. Each population
consists of unconnected, identical neurons, but the neurons
in population 1 may differ from those of population 2. Each
population receives excitatory and inhibitory inputs from an
external source. The excitatory input to population 1 consists of
abackground input, with rate RZ’%, which is independent across
neurons, and a shared input with rate Rj'l’ that 1s identical for
all neurons within this population. The presence of the shared
input implies that the excitatory inputs to any two neurons
in population 1 are positively correlated; the strength of this
correlation can be described by the correlation coefficient

Cllz(Nlelq)_(Nlp)(qu) (Cl11)

ee ’
ONPONY
NP ENy

where N{ and N{ represent the number of excitatory spikes
received by two neurons labeled p and ¢ in population 1
during a small time interval. Furthermore, it is assumed that
the shared inputs to population 1 are cross correlated with the
shared input to population 2; the strength of this correlation is
described by a second correlation coefficient ¢!2 defined in a

2 :|
gy,

similar way,

céf: (N{’qu)—(Nl”)(Ng)’ (C12)

where N3 is the number of excitatory spikes received by
neuron ¢ in population 2. Similar definitions are also assumed
for the inhibitory inputs, as well for the inputs to the second
population.

Consider now the pooled output spikes of population 1:
during a small time interval A¢, the number of output spikes
is a random variable N; defined by

»
Ny =) "N/
p=I

where NI is the number of spikes produced by the neuron
labeled p during this time interval, and the sum runs over all
neurons in population 1. The mean and variance of N; are
therefore given by

(N1)

[
™M~

(N]) = PrAt,

<
Il

Il
M‘u

o, ((NYNT) = (NT)(NY))
p.q=1
P P
=Y oxr+ Y cov(N/,Nf) (C13)
=1 p.g=1
P#q
= PriAt + P(P — 1)(r;; — r)At?,  (Cl4)
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where r is the firing rate of a single neuron [calculated with Eq. (5)], and r;; is the joint firing rate for a pair of neurons in
population 1 [calculated with Eq. (8)]. In deriving (C14), we have assumed that the time step At is sufficiently small so that the
number of action potentials emitted by a single neuron N’ can be approximated by a Bernoulli random variable (i.e., rj Ar < 1).
The covariance of the number of spikes of the two populations is given by

P
cov(N1,N) = Y ((N{N§) = (NT)NE)) = P2(ria — rira) AF?, (C15)
P.q=1

where N, refers to the spikes of population 2. The correlation coefficient of N; and N, is thus given by

(755)(ri2 = rir2)

Cout = > p 2 ”
\/[1’11 —ri+ m][”n -7y + (P—i)At]

) (C16)

where the terms dependent on the time step are of the order of P~!. For sufficiently large populations,

rip —rir

Cout —> (P — 00)

172 1/2
[rl 1 r 12] [r22 r22 ]
becomes independent of the time interval considered.

The Gaussian approximation for this model is constructed as follows. As in the single-neuron case, we write the system
(C1)—(C6) as

dz = AZ+ji + BE(1)
dr TR ’

where £ is a multidimensional white noise, and

Z = (Ve (1), % (1), Yo (1), 05(), x5(t), yg(1) ",

—1/1a(t)  E.— (v(1))  Ei — (va(1)) 0 0 0
0 -1/, 0 0 0 0
A= 0 0 —1/% 0 0 0
=1 o 0 0 ~1/t5(t)  Ee — (vp(0)  Ei — (0p(0)) |
0 0 0 0 —1/z, 0
0 0 0 0 0 -1/
0 0 0 0
0 oy, (,/2(1 - cgf(t)z )/ 0 0 o) OV 0
B)= | oy (O2(1 = @) [1 0 0 oy, (P2 |
0 0 0 0 Ox, N2/ Te 0
0 0 0 0 0 Oy, 2/Ti
Ji(t) = (Ea(1)/7a(1),0,0, Eg(t)/74(1),0,0)".
The noise amplitudes are defined by 02 = J, Z‘Ce(Rea( + RM)/2, where J, denotes the size of the jump in excitatory conductance
after an excitatory spike is received, and with a similar deﬁmtlon for the 1nh1b1tory noise terms oy, . The statistics of the velocities
vy and vg can be obtained from the covariance matrix C using a =(ACAT),, 0 v (ACAT)44, and cov (va , vﬂ) (ACAT) 4.
The equations for the mean (z) and covariance matrix C,
d()—A(>+* dC—AC—{—CAT—i-BBT
A I T '

are integrated twice with (o, ) = (1,1) and (2,2), which yields the firing rates r;,r, and the joint firing rates r;,r2, and a third
time with (o, 8) = (1,2) to obtain the joint firing rate rj,. The correlation coefficient ¢, between the pooled outputs of the two
populations is then calculated using Eq. (C16).
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